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Abstract
Schrieffer-Wolff transformation is a very important transformation in Quantum Many Body
physics. Yet, there isn’t an explicit method in the literature to calculate the generator of this
unitary transformation directly from the hamiltonian. In this paper we present an explicit method
to compute the generator of the Schrieffer-Wolff transformation in general and then calculate
the same for two very important hamiltonians in condensed matter physics, the Single Impurity
Anderson model (SIAM) and its lattice generalization , the Periodic Anderson Model (PAM).
Our method can be used to carry out the transformation directly from the hamiltonian and the
generator of the transformation can be obtained without any recourse to perturbative expansion
or intuitive guesswork. In fact here, the full generator is calculated rather than its expansion to
first two orders which is usually the case.
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I. INTRODUCTION
Schrieffer-Wolff transformation(SW) was actually introduced in1 to relate Anderson im-
purity model and the Kondo model. Since then, this transformation has been used very ex-
tensively in Condensed matter physics. One could see2 as a recent reference in the literature
on SW transformation where the authors have given a mathematically rigorous treatment
of the transformation. SW transformation is a unitary transformation which removes the
off-diagonal terms to the first order and hence serves as a way of diagonalization. Though
this transformation is routinely used by researchers working in the condensed matter com-
munity, it was surprising for us to find that there is no explicit method to find the generator
of this transformation. In this paper we present an explicit method to get the generator of
this transformation and we aslo calculate the same for two very important hamiltonians of
condensed matter physics, namely the Single Impurity Anderson model(SIAM) for which
the transformation was carried out in the original paper1 and its lattice generalization , the
Periodic Anderson Model(PAM). The rest of the paper is organized as follows: In the sec-
tion II we give a brief introduction to Schrieffer-Wolff transformation and how in literature,
there are different approaches and interpretations for the same. In section III we describe
the method to obtain the generator and then in section IV and V we calculate the generators
for the said Hamiltonians. We conclude by summarizing the results and discussions.
II. SCHRIEFFER-WOLFF TRANSFORMATION : FORMALISM
Unitary transformation is the standard method for diagonalization in Quantum Mechan-
ics and Condensed matter physics3. By the unitary transformation one changes to the basis
in which the given hamiltonian becomes diagonal and one achieves diagonalization in a one
step process. However, this is not possible for all hamiltonains. So, in latter case, one tries
to diagonalize the hamiltonian in a perturbative manner. One can still use unitary trans-
formations to achieve this goal and Schrieffer-Wolff transformation is such a method. It
has been used extensively in different areas of physics under different names2. In relativistic
Quantum Mechanics it is called Foldy-Wutheysen transformation4,in Semiconductor physics
it is called k.p perturbation theory5 and in condensed matter physics it has been used as
Frohlich transformation for electron-phonon problem6. Schrieffer-Wolff transformation not
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only diagonalizes the hamiltonian in a perturbative manner in which case it is unitary per-
turbation theory but it also renormalizes the parameters in the hamiltonian and hence can
be thought of as a kind of renormalization procedure. SW transformation in the latter sense
is used to get the effective hamiltonian of the given hamiltonian and hence it takes us to a
particular regime of a hamiltonain in its parameter space and it is in the same sense that
SW transformation was used in1.
Schrieffer-Wolff transformation is a unitary transformation. So one chooses the proper uni-
tary operator which can either fully diagonalize the hamiltonian or to some desired order.
H ′ = U †HU (1)
H ′ = eSHe−S (2)
where S is the generator of this transformation and is an anti-hermitian operator. Usually
one requires of this transformation to cancel the off-diagonal terms to the first order so that
following condition is satisfied.
[S,H0] = −Hv (3)
Expanding the operator exponential using BCH formula one gets series expansion for the
transformed hamiltonian H ′
H ′ = H0 +
1
2
[S,Hv] +
1
3
[S, [S,Hv]] + .... (4)
whereH0 and Hv are diagonal and off-diagonal parts of the hamiltonian H . Since the off-
diagonal term gets cancelled to the first order so the effective hamiltonian to the second
order is given by
Heff = H0 +
1
2
[S,Hv] (5)
Schrieffer-Wolff transformation being very important transformation has been generalized
in various ways. One very important generalization was done by Wegner8 and Glazek and
Wilson9 independently. The new method has been called Flow equation method by Wegner
and Similarity Renormalization by Glazek and Wilson. In flow equation method the unitary
transformation is once again used but it is done in a continuous fashion because the generator
depends on the flow parameter. The relation between SW transformation and flow equation
method has been worked out in7. SW transformation has been generalized to dissipative
quantum systems as well.10
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In addition to the method of SW transformation we have described above, where we have
used a generator to carry out the transformation, there is yet another method of doing the
transformation in which one uses Projection operators11 or Hubbard operators12. Though
with the projection operator method we can obtain the effective hamiltonian, it does not
recover all the terms which one gets in the generator method. Projection operator method
is in spirit of SW transformation being a renormalization procedure, while the Hubbard
operator method is particularly suited for Hubbard model.
III. CALCULATION OF THE GENERATOR FOR THE SCHRIEFFER-WOLFF
TRANSFORMATION
The most crucial step in doing the SW transformation is to get the generator of the
transformation. Once the generator is calculated the rest of the calculation is quite straight-
forward. So having an explicit method for calculating the generator is of immense value.
Here, we would emphasize that in the literature there is no explicit method to calculate the
generator and hence to carry out the transformation directly from the hamiltonian. In314
generator itself is obtained in a perturbative manner. So, one does not obtain the generator,
rather one develops it in an orderly fashion. In13 the generator is obtained by guessing
it, which assumes some experience within such a method. In15 though the authors have
summed the series to all orders, they have not described how they compute the generator
in the first place.
In this section, we present the method for a general hamiltonian and then in the following
sections we will calculate the generator of specific Hamiltonians using this explicit method.
Let H be our full hamiltonian and H0 be the diagonal part and Hv be the off-diagonal part
of the full hamiltonian. To obtain the generator we will proceed in two steps. In the first
step, we will find the commutator [H0, Hv] and call it η. In the second step we will impose
the condition of removing the off-diagonal part up till the first order on η. To do that,
we will have to keep the coefficients undetermined and they will be eventually determined
by the above condition. So η has to satisfy [η,H0] = −Hv in order to be the generator
of the transformation. The latter condition determines the coefficients and we finally get
the generator for SW transformation for a given hamiltonian. In the next section, we will
calculate the generator of SW transformation for the Single Impurity Anderson Model for
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which the transformation was carried out in the original paper1.
IV. GENERATOR FOR ANDERSON IMPURITY MODEL
We will first write down the Single Impurity Anderson Model hamitonian in second
quantized notation:
H =
∑
kσ
ǫkc
†
kσckσ +
∑
σ
ǫdd
†
σdσ +
∑
kσ
Vk(c
†
kσdσ + d
†
σckσ) + Und↑nd↓ (6)
The hamiltonian has one off-diagonal term which we call as Hv and diagonal terms which
together we call H0.
H0 =
∑
kσ
ǫkc
†
kσckσ +
∑
σ
ǫdd
†
σdσ + Und↑nd↓ (7)
Hv =
∑
kσ
Vk(c
†
kσdσ + d
†
σckσ) (8)
Now the first step is to calculate η which is basically commutator of diagonal part with
off-diagonal part of the hamiltonian.
η = [H0, Hv] (9)
η =
[∑
kσ
ǫkc
†
kσckσ +
∑
σ
ǫdd
†
σdσ + Und↑nd↓,
∑
kσ
Vk(c
†
kσdσ + d
†
σckσ)
]
(10)
η =
∑
kσ
(ǫk − ǫd − Undσ¯)Vk(c
†
kσdσ − d
†
σckσ) (11)
In the second step we will impose the condition of removing the off-diagonal term to the
first order. To do that, we will keep the coefficients undetermined and actually they will get
determined automatically once η satisfies the condition. We will label it with S to emphasize
that it is not actually η which is the generator rather it is S with correct coefficients. What
η has similar to S is the form of the operators.
S =
∑
kσ
(Ak −Bkndσ¯)Vk(c
†
kσdσ − d
†
σckσ) (12)
5
Now we will impose the condition on S to determine Ak and Bk
[S,H0] = −Hv (13)
⇒
[∑
kσ
Ak(ǫd − ǫk) +
∑
kσ
(AkU − Bk(ǫd − ǫk + U)ndσ¯)
]
(Vk(c
†
kσdσ + d
†
σckσ) (14)
= −
∑
kσ
Vk(c
†
kσdσ + dσc
†
kσ) (15)
⇒ Ak(ǫd − ǫk) + (AkU +Bk(ǫd − ǫk + U)ndσ¯ = −1 (16)
Solving for Ak and Bk we obtain:
Ak =
1
ǫk − ǫd
(17)
Bk =
1
ǫk − ǫd − U
−
1
ǫk − ǫd
(18)
In this way we have calculated the generator of SW transformation for Single Impurity
Anderson Model.
S =
∑
kσ
(Ak +Bkndσ¯)Vk(c
†
kσdσ − d
†
σckσ) (19)
Ak =
1
ǫk − ǫd
(20)
Bk =
1
ǫk − ǫd − U
−
1
ǫk − ǫd
(21)
We can write the generator in the same form as it was written in1 by using extra index α
which takes two values.
S =
∑
kσα
Vk
ǫk − ǫα
nαd,σ¯c
†
kσdσ − h.c. (22)
nαdσ¯ = ndσ¯ ǫα = ǫd + U α = + (23)
= 1− ndσ¯ ǫα = ǫd α = − (24)
Summing over α we get S in the same form as we have calculated.
S =
∑
kσ
[
Vk
ǫk − ǫd − U
ndσ¯c
†
kσdσ+ (25)
Vk
ǫk − ǫd
(1− ndσ¯)c
†
kσdσ]− h.c. (26)
Rearranging the terms one gets S in the form as we have calculated above. Further, the
detailed SW Transformation for SIAM could be found in the paper.17
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V. GENERATOR FOR PERIODIC ANDERSON MODEL
Periodic Anderson Model(PAM) is the standard model in heavy fermion physics. We will
write down the model in standard second quantized notation as given in16
H =
∑
kσ
ǫknkσ +
∑
iσ
ǫfn
f
iσ + U
∑
i
ni↑ni↓ +
∑
kiσ
(Vke
−ikRic
†
kσfiσ + h.c) (27)
To calculate the generator of SW transformation for PAM we will proceed as per the method
given in section III. So we will first calculate η as follows:
η = [H0, Hv] (28)
η =
[∑
kσ
ǫknkσ +
∑
iσ
ǫfn
f
iσ + U
∑
i
ni↑ni↓,
∑
kiσ
(Vke
−ikRic
†
kσfiσ + h.c)
]
(29)
η =
∑
kiσ
(ǫk − ǫf − Uniσ¯)Vk(c
†
kσfiσe
−ikRi
− h.c.) (30)
So we can write the generator for PAM as:
S =
∑
kiσ
(Ak +Bkniσ¯)Vk(c
†
kσfiσe
−ikRi
− h.c) (31)
Where Ak and Bk need to be determined. To do so we will follow the second step of the
method and proceed as follows.
[S,H0] = −Hv (32)[∑
kiσ
(Ak +Bkniσ¯)Vk(c
†
kσfiσe
−ikRi
− h.c),
∑
k′σ′
ǫk′nk′σ′ +
∑
iσ′
ǫfniσ′ + U
∑
i
ni↑ni↓
]
(33)
= −Hv (34)
⇒
∑
kiσ
(Ak(ǫf − ǫk + Uniσ¯) +Bkniσ¯(ǫf − ǫk + U)Vk(c
†
kσfiσe
−ikRi + h.c.)) (35)
= −VK(c
†
kσfiσe
−ikRi + h.c.) (36)
⇒ Ak(ǫf − ǫk) + (AkU +Bk(ǫf − ǫk + U))niσ¯ = −1 (37)
Solving for Ak and Bk in the above equation we get:
Ak =
1
ǫk − ǫf
(38)
Bk =
1
ǫk − ǫf − U
−
1
ǫk − ǫf
(39)
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This way we have got the generator of SW transformation for PAM and can be written as :
S =
∑
kσi
(Ak +Bkniσ¯)Vk(c
†
kσfiσe
−ikRi
− f
†
iσckσe
ikRi) (40)
where Ak and Bk are given by
Ak =
1
ǫk − ǫf
(41)
Bk =
1
ǫk − ǫf − U
−
1
ǫk − ǫf
(42)
Further, the detailed SW Transformation for SIAM could be found in the paper.17
VI. SUMMARY
Schrieffer-Wolff(SW) transformation is a very important transformation in quantum
many-body physics, where it is routinely used to get the low energy effective hamiltonian
of quantum many-body hamiltonians which are in general difficult to be dealt analytically.
Historically SW transformation has given a very important insight into the understanding
of the low energy sector of Anderson Impurity models which needs advanced methods like
conformal field theory for its solution. Similarly, SW transformation was also used to under-
stand the electron-phonon problem and how it gives rise to attractive effective interaction
in BCS superconductivity. Given the significance of SW transformation it is surprising that
there is no explicit method to calculate the generator of this transformation directly from
the hamiltonian without any recourse to perturbative expansion or intuitive guesswork. In
this paper, we have presented such an explicit method and have demonstrated this new
method, by carrying out the SW transformation of Single Impurity Anderson Model and its
lattice version, the Periodic Anderson Model.
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